
TOPOLOGIAL DECREE THEORY

(Ninenberg , Ambrosetti - Melchiod)
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fin him us Broomer

inf dim us Schauder

Topological : stable under homotopy
-

Eup Let 2 ,
VERD"

, open-bd, U connected and
ye
p

Dyll : V1 = / fict -> V , continues
, yflaU1]

y
fu)

(y f(su) 8because we went -8
stabilts under perturbative)

&

-

Let let w be n-form ,
with compet support and

1) ye sppwcU ( f(xx)
-

: Sw = 1 -atmisible
V

the Decret of fe Dy MiU)aCf at Ys
w = w(x) dxn--adan

deg (t , U , y) : = So *w =(c(f(x) def dfl) da dim
s

A He depres well defined : Let w
,

another edmisible n-formi

ten Sr-w . = 0 C) -Wa : di
v

appr = VI flou)



in view of
POINARE LEMMA Let R GID" connected

, open ,
w n form with

compet apport supp (m)
c 2

Tem Sw = 0 () w = dh , h(4-1) fam
~ supper

-> Softw - · fow ,
= (+ -mil = S+* dr

= Idr = I fr = 0

PROPERTIES OF DECREEE
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LERAY-SCHAUDER DEGREE
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pot By usual approximation , we can essure feet
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Dy(n , X) = (F = k(m , X) = y (+F)(20)]
Fy(n,X) = (Fe F(u ,

X) : yf (A+F)(20)]

Note Het if F - Dy MIX) , then

dist /I S (+F)(2 r)) 20
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closed set
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Put 2 : = Just /y , <+F) (r) 20
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[Leg (17+F, U , y) : = Ley (A+Fr,Mr , 4)]
LERAY-SCHAUDER DEGREE

Lop the Leney-Schander depee is well
posed.

# Pick Eze FIct , X) : /F2-Flo <12
X2 as before

and define Noi = X1 +X2

Uo = 1 1 Xo

By reduction thm (ye X1 , geX2)

deg /A+ Fa, Mo , 4) = Leg /A+Fa , Mr, 4)

Leg (1 + F2, Mo , y) = Sey1 A+ E2, U2, 4)
Put H(t) = 15 + 1-+)2 + +Ez

It is dmisable homolipy since

1 HH) -# +Fillo = 11 F2-Flo + Il E-FloI

us Ley (A +Fs,M , y) = Ley It +Fe , do , 1)
homotopy invarael

of Brounen = dey /A +F2 , No , y)
Legue

= deg/# +Fz, Uz, 4)
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then heray-schander depe fulfills (P1) -(P4)

and (P5) # homolopy hit,) compect perturbation of
Identity Et.

pot exeruse

E Ha editional properties of Browner degree
driving from Il-CDU) holds the for

Leg-Schauden degree

Application : Schande fuxed point thum

Thm Let D a closed convex be subset of X
-

Banch and

F : D ->D compet

then E has a fixed point (ie . I sett: F(xx)

pot Assume Hat Of D (othewise translate He

set)

Case1 If I Re &D with FR) =xv
-

Case2 Fre&D : F(m)x
-

So we can define deg /E-F, D, 0) and show to
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,
telo] , MED

Xte Tol]
, h(t,) = A + compect

let us dow h is admissible: we claim Het

hit) to - (t
,x) = [0, 1] x GD

otherne : J (E, ) = [011] X&D with WIE
,5) =0, ie .

i = E Flie)

1 Flul+rRe2D =DE < 1

· FIDEDD FE) - D

6) D convexD EF(c) e D

· Eca E Fla)e
ADaE Fa
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- Ley /410.) , D , 0) = Sey (h11 , 0) ,
D
, o

Il 1

Leg / # , D, 0) deg/A-F , D, 0)

(2)Il
+D

= dey (1-F , D ,0) to = I sol of (A-T((x)=0
&



ApplicationsofTchandetheoram

let feC(IXI ,RY)#enotheore e
,
MER

open
and wooden

(P) ↓il with
A

toxt
, dot

U.

Hen (P) has at test 1 solution

r() = (2) (to-e , total , IR"

Roof Integue formulation : sel is a sol iff

x(t) = 2 + ( + (t , x() = F(x(t)
the

mep
Fi 2 ([an) -> C(07) is

#
compet

CHECK IT

let Mi = sup 11 f(t , x) -
Ascol
-Arzele

tel
, lee-roll If

and counder D : = (yH - (*) [to8
,
to+f]

,
1) :

ap byc-all
= -3

then & D closed and convex (it is a
bell ?

1) Does FID - D ? let alte D
,
then

DF(x() - dol) = 1( f( +, x()d + 1

28M = I

provided 8s chosen aff small !

u by Scheder's Hearm I fixed pointof F
it is an solution of (P



Storm-Liovilla problem

(D)( -unfll

Thu Let f : -XIR + IR continuous and

bounded
. Then (D) has adespic solution.

f Consider He anxibay linean problem

1 -un

By Strum-Liorud Heory , the sol
op

T : = -> R is compect
grs Tg

Sunder Flu) : = TIf(e , u(x)

6 F continuous : & is Co and bd
,
un flam)

Is a
Nemotzhi opedic , continuous (2+22

· F compact :
on because T is compet

1) F : D -> D with D closed and convexi

Pot Mi = sup 1f(x, t))

xR
,
+FIR

D : = (u + L2 : lulp-> RY



ten 1F (2) D2 = &1 flu , malp = &MIR

promded R large enoch

=> I a fixed point in L& of u = F(u)

1. 2 . u = 5 [f(x , u(x)]

-> f:+ 22 , T: - Ho so ne He

so u is rea solD ulo = all = 0.

Then neHoas((101) and so -u" = f(x) +e

=> UECI(5017) and u : Will = 0 -> clessical solution
.

How to compute te depee of a mep ?

Ihm let To (1/5
,
X) be a compet map.

X reflexive
Put S(x) = x - T(x)

and letso be isolated volutin Sc0) = y.

If 1 S(TI) Hen

i (5 , 20) := deg 15 ,
Bake

, 4) = (1)
with B = 5 esebic mithplants of eigences

of T (r) > 1

Ah If Teet is compect , Den Tk) is compect
lexercise) .

When # egenvalues 11 is finite
so intex is well defined



↳toofPReduction t linemp is
By Taylor

S(x)=0) ins + Rb)
,

R(x) =olle

Define He homotopy h(t, x) = x - To) [x) + tr()

hIt ,) compect perturbation of identity Etto
, 1]

AIM 7250 soff smell to that ht ,x) is edumble to on Balt

1 . 0
.

h(t , x) + 0 F (t
, x) < [1] x 2Bulo]

# : Fr ,
S (trice) Elon) X @B(0) St Ultman) = 0

put En=l
: zu = T1d) [En] - In Rall

Hen (zn) bd
,

zn ->*, An -> At

Both + le) and R(c) are compect =x

T (0) [En] - An Ran- Tho) z

( =Dz= T(t) = (
re zu -> z strongly and 11 = 1 15(+'(d)

= dey (5 ,
U

,
0) = Seg (1-T"d ,

0
,
0)

#21f T compact op ,
1EWIT)

, compute Leght-T, Belo, o

: N .
W invenient

Spet X = NEW with
) w(T(N) = <105H) : 1k1}
· ( 5(Tin) = o(t) - -(tin)

Let PX ,
Pr project on NOW

let hit, x) = x - TRAc -- TPax homotopy

: Ult , ) = 1 + compect ↓t



1) hIt,X) admisuble : B - (t+, cy) St . Ulte4) = 0

& Ixy/= (
x
+
= TPN4x + +y TPwRx

Apply Par : PNC-D*

=

=PNcX = TPN+ ,
but 15 (T)

= Pxdy = 0 =D cy = Pwx+

Apply Pr : Prez = to TPwe

ten If ty to ID Dwyo =D dyto
If t = =d se 5(t) b

a Ext 10 , 1) is + +(1 , +ro) eigence of T
t

but 5 (F(m) = 5(T) - 0(Tim) = (1w(t) : 114}4

By invariance property of tepe

deg (1-T ,
Brid ,

o) = deg (1-T / y
,
Brld

,
d

=
-P

1 P = # egen ofT-Tin < 0

But
n eg of

th-TC 1 = 1-1 eg of T

-> #(MC0 eg of A-Tin] = #hXx sig ofT3


